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Introduction 


This unit is about vibrations and it continues from where Unit 8 left off. Its aim is 
to extend your ability to model systems in which vibrations play an important 
role. It will use some of the mathematical techniques you have learnt since you 
last studied vibrations in Unit 8, such as systems of differential equations, matrices 
and eigenvalues. 


Study guide 


Each section of this unit builds on those that have gone before. You should 
therefore read the unit in the order in which it is written. The first four sections all 
contain new material, while the fifth section pulls this material together by means 
of problems which are intended to revise all the main points. You should do as 
many of these as you can (or have time for) without first looking at the solutions, 
but you should then compare your answers with those given at the end of the unit. 
Finally look at the solutions to any of the problems which you did not attempt, 
because you will probably learn something from them, too. 


There is no tape associated with this unit but there is a television programme. You 
should, if possible, have read at least the first two sections before you watch it— 
but don’t miss it even if you haven't got that far. The programme contains 
demonstration experiments which are designed to make it easier to follow the 
theory in the unit. 


1 Modelling vibrating systems 


1.1. The story so far 


In Units 7 and 8 you studied the behaviour, both ‘free’ and ‘forced’, of some 
systems which were modelled by perfect springs, perfect dashpots and particles. 
The assembly in Figure 1 is typical of the models discussed in those units. What 
you did, in terms of Figure 1, was to write down a differential equation to 
represent the system with or without an applied force and then to obtain a 
solution in the form of an equation for x in terms of time and in terms of the 
parameters of the model (assumed constant): the stiffness k, the mass m and the 
damping coefficient r. You met a number of different models of this sort but in all 
cases the equation of the motion derived from the model took the form of a linear 
second-order differential equation with constant coefficients. You may well find it 
useful to revise some of this work by looking back at Units 7 and 8. Exercise 1 is 
designed to help you recall some of the material in these units and to prepare you 
for later sections of this unit. If you are in any doubt about any part of this 
material you should consult Units 7 and 8. 


Exercise 1 (Revision) 


Suppose that in Figure 1, m = 0.1, k =2 x 10° and r = 0. Write down the equation of 
motion for free vibrations and work out the angular frequency of the vibrations. 


[Solution on p. 31] 


In Unit 7 the general solution of the equation of motion for free vibrations of the 
model in Exercise 1 was shown to be x = Xo + Csinwt + Dcoswt, where xo, C, D 
and @ are constants. ( is the ‘natural’ angular frequency which you worked out 
in Exercise 1. The constants C and D are arbitrary.) This is not the only form for 
the general solution. By choosing A and @ such that C = Acos@ and D = Asing 
we obtain 


Csinwt + Dcoswt = Acos sin wt + Asin cos wt 
= Asin(wt + ¢), 
so the general solution can be written in the alternative form 


xX =Xo + Asin(wt + o). (1) 


The behaviour of a vibrating 
system is forced if it is 
brought about by an external 
forcing agency (see Unit 8, 
Section 2); otherwise the 
behaviour is said to be free. 


Figure 1 


Unless otherwise stated, all 
quantities in this unit are 
expressed in terms of SI units. 
Thus the mass of the particle 
is 0.1 kilograms and the 
stiffness of the spring is 

2 x 10° newtons per metre. 


It is usual to choose A to be 
positive and —2 <p <7, in 
which case 


A=/C+D? 
and 
arccos () ifD>0 


o= 
weal) 00 
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This is a more convenient formulation for our present purpose and we shall use it 
throughout this unit. 


We can consider Solution (1) to be made up of two parts, The sinusoidal term 
Asin(wt + @) represents the vibration. The constant xp gives the static position 
which the particle occupies when it is not vibrating (mathematically the static 
solution corresponds to setting the arbitrary constant A to zero). The value of xo 
depends on our choice of fixed origin from which x is measured. If x is measured 
from the anchored end of the spring (as in Figure 1), xo is equal to the spring’s 
natural length. In this unit however we shall usually choose the origin to be at the 
static position so that Xo = 0, thereby obtaining a simpler expression for the 
general solution. I shall have more to say about this in Section 2, 


1.2 Lumped-parameter models 


The perfect springs, perfect dashpots and particles which make up the models in 
Units 7 and 8 are idealized components. Each component represents a particular 
physical property, For example, perfect springs are assumed only to have resilience 
(ie. springiness): they deform under load in accordance with Hooke’s law and 
return to their original length when the load is removed, They are assumed to 
have no mass and no damping properties. Perfect dashpots provide linear damping 
but no mass or resilience and particles have mass but no resilience or damping 
properties. These are not, of course, completely accurate descriptions of real 
components: a real spring must have some mass and its material will exhibit at 
least some damping properties; no real body can behave exactly like a particle; it 
is bound to deform to some extent under the action of the forces to which it is 
subject—and so on. Nevertheless, models consisting of idealized components can 
be used to describe a wide variety of real systems quite adequately. 


iD 


head 


upper torso 
mass of 
arm- 
car body shoulder 
system e thorax- 
}. abdomen 
system 
springs and stiff elasticity 4 
shock absorbers of spinal 
column 
hips 
~ mass of wheels 2 forts applied 
to sitting 
subject 
stiffness of tyres 
legs 
; } 
€ H—_— mass of 
part of tyres | 
feet 
q; force upplied to 
standing subject 
Figure 2 Figure 3 


As an example of how this can be done consider the vertical vibration of a motor 
car as it moves over an uneven road surface. Figure 2 shows a deliberately 
simplified model for estimating the magnitude of these vibrations for a particular 
road profile and car speed. The model consists of idealized components each of 
which represents a physical property of the car. To keep the model as simple as 
possible we confine our attention to those properties of the car that can be 
expected to have a significant influence on its vertical motion. We can, for instance, 
expect the car’s suspension to play an important role in contributing both 
resilience and damping to the car's vertical motion and this is represented in the 
model by a perfect spring and a perfect dashpot. Similarly, the resilience of the 
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tyres is important and is represented in the model by a second perfect spring. The 
particles in the model are used to represent the masses of the car body, the wheels, 
and the tyres. Since the model is only intended to yield information about the 
vertical motion of the car the particles are considered to move along one vertical 
straight line. 


It is important to realize that in constructing such models we do not attempt to 
describe the detailed structure of the device we are modelling. Rather we try to 
identify its important properties (mass, resilience, damping) and ‘lump’ them into 
appropriate idealized components. This kind of model is therefore known as a 
lumped-parameter model. 


The applications of lumped-parameter models are many and varied. J shall 
mention just one more example that was built up in the course of investigations 
into the effect of vibration on the human body, It was found that different 
combinations of amplitude and frequency have different effects, ranging from 
painful to imperceptible. The model in Figure 3 was found useful in predicting the 
reaction of a standing or sitting human being to vibrations at low frequencies. 
Once again it is valid only for up and down vibrations so that particles in the 
model are free to move only along vertical straight lines. 


The accuracy of the models in Figures 2 and 3 could well have been increased by 
incorporating more elements. Unfortunately this would also increase the 
complexity of the resulting equations of motion. In general, when designing 
lumped-parameter models a balance must be struck between the accuracy of the 
model and the complexity of the mathematics. 


1.3. Degrees of freedom 


Consider again the motion of the particle in Figure 1. This can be represented by 
the variation with time of one variable, x. One variable, therefore, is enough to 
specify the position of the particle at any instant: such a model is said to have one 
degree of freedom. Now look at the particle in Figure 4. Suppose that it is free to 
move in the plane of the diagram: that is to say it can move up and down and 
sideways but it cannot move into or out of the paper. One way, therefore, of 
specifying the position of the particle at any instant is to state the values of the 
displacements x and y as shown in Figure 4(a), Another possibility would be to 
state the length r of the line OP and the angle @ as in Figure 4(b). Either way, two 
numbers (or ‘coordinates’) are required to specify the position of the particle and 
so we say the particle has two degrees of freedom. The same terminology is used 
when there is more than one particle. For example, the two spring-connected 
particles in Figure 5 are constrained to move along the straight line which 
connects their centres, So the only things that can change are the distances of the 
two particles from some fixed origin, The configuration of the system can therefore 
be specified by the two distances x, and x2 shown in Figure 5. 


Exercise 2 
Make a sketch to show a different way of specifying the configuration of the two-particle 
system in Figure 5. How many degrees of freedom has this system? 


[Solution on p. 31) 


What I have said so far can be summarized by defining the number of degrees of 
freedom of a system to be the smallest number of coordinates which are required 
to specify the configuration of the system at any instant. The importance of the 
number of degrees of freedom is that it is equal to the number of equations of 
motion. 


If a lumped-parameter model is such that each particle is free to move in just one 
direction, the number of degrees of freedom is equal to the number of particles. 
This is because the configuration of the model can be specified by giving the 
displacement of each particle along its direction of motion. For example, the 
lumped-parameter model in Figure 2 (modelling the vertical vibrations of a car) 
has three degrees of freedom because it is made up of three particles that are free 
to move vertically. 


(a) 


(b) 
Figure 4 


You have already met the 
system in Figure 5 in Section 
4 of Unit 7. 


Z fixed line 
- x 


S 


Figure 5 
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Exercise 3 
How many degrees of freedom has the model in Figure 3? 


[Solution on p. 31] 


Exercise 4 


State the number of degrees of freedom for each of the lumped-parameter models shown in 
Figure 6 below. (The particles are constrained to move only along the lines connecting the 
particles.) 


(a) (e) bw Lww 


(b) eal ( we mal 


rigid connection 


Figure 6 


[Solution on p.31 


Exercise 5 
A particle is free to move in space. How many degrees of freedom does it have? 


[Solution on p. 31 


The rest of this unit is an introduction to the mechanics of lumped-parameter 
models with more than one degree of freedom, We shall confine our attention to 
models of systems in which damping does not play an important role. We begin, 
in the next section, by considering a model with two degrees of freedom, 


Summary of Section 1 


This unit models real systems by combinations of idealized components each of 
which has only one of the relevant properties, i.e. mass, stiffness or damping. Such 
combinations are called lumped-parameter models, This unit deals with the analysis 
of undamped lumped-parameter models, 


The least number of coordinates that is required to define the configuration of 
such a model is called the number of degrees of freedom. 


2 Free undamped vibrations with two 


degrees of freedom particle A particle B 
ite kos 
The vibration of lumped-parameter models with more than one degree of freedom N pe oe 
gives rise to phenomena which are not observed in a one-degree-of-freedom model. N 
This section tackles the analysis of the simplest model that will unequivocally Figure | 


show up these phenomena. This is a model with two degrees of freedom (it is 
shown in Figure 1) and it has all the important features which are found in more 
complicated undamped lumped-parameter models. 


2.1 Setting up the equations of motion 


Before we can set up the equations of motion for the model in Figure 1 we must 
decide on the coordinates we are going to use to measure the positions of the two X 
particles. To this end we first consider the simpler model in Figure 2 which only Figure 2 
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has one degree of freedom. If the particle in Figure 2 is displaced from its 
equilibrium position and released, it will move with simple harmonic motion about 
the equilibrium position. As I remarked in Section 1, we can obtain a simple 
expression for the motion by measuring the displacement x from the equilibrium 
position. The expression we obtain is then 


x = Asin(wt + $) 


where w is the natural undamped angular frequency and A and ¢ are constants 
with A positive and —1 < @ < 7. (A is the amplitude — it gives the maximum 
displacement of the particle from the equilibrium position.) We could, of course, 
measure the displacement of the particle from any fixed datum point, but we 
would then obtain the more complicated expression 


xX = Xy + Asin(wt + ) 


where Xo is the distance of the datum point from the equilibrium position. If we 
want the simplest expression for the motion of the particle, we must measure the 
displacement from the equilibrium position. This is also true for models with more 
than one degree of freedom — indeed the simplification is even greater for such 
models, and that is why in this unit I shall always measure the displacement of a 
particle from its equilibrium position. In order to be able to interpret such 
measurements you will need to be able to find the equilibrium configuration of 
lumped-parameter models. Here are two exercises to give you practice at this, 


Exercise 1 


Each of the two springs of the lumped-parameter model in Figure 3 has a natural length of 
0.6 m and a stiffness of 75N m~'. How far are the particles from the fixed datum line when 
both particles are in equilibrium? (Remember that particles are considered to have 
negligible size.) 


[Solution on p. 31) 


Exercise 2 


The model in Figure 3 is suspended vertically from a fixed support, so that the 0.2kg 
particle is below the 0.1 kg particle and both are free to move in a vertical straight line. 
How far are the particles below the support when both particles are in equilibrium? 


[Solution on p. 31} 


We shall now return to the model in Figure 1. This has been redrawn in Figure 4. 
Two configurations are shown: Figure 4(a) shows the equilibrium configuration in 
which both springs are unloaded (so that they both have their natural length); 
Figure 4(b) shows an arbitrary configuration such as might occur instantaneously 
during vibrations. The displacements of the particles A and B from their 
equilibrium positions will be called respectively, x4 and x,y. The direction indicated 
by the single arrowheads represents the direction of displacement, velocity, 
acceleration and force which I propose to consider as positive. The choice of 
positive direction is, as usual, arbitrary, but must always be made clear and must 
be adhered to consistently in all subsequent work. 


The first thing to do is to write down the equation of motion for each particle. In 
order to do this we must know the forces due to the springs, in any arbitrary 
position such as that shown in Figure 4(b). Looking first at the spring of stiffness 
k, we find that in going from Figure 4(a) to Figure 4(b) its right-hand end has 
moved a distance x, to the right and its left-hand end has remained fixed. The 
spring has therefore been stretched by an amount x, and exerts a force of 
magnitude k4x, acting to the left on particle A. Using our sign convention we can 
sum this up by saying that the spring exerts a force —k4x, on particle A. Now for 
the other spring, In going from Figure 4(a) to Figure 4(b) the right-hand end of 
the spring moves to the right a distance x, and its left-hand end moves to the 
right a distance x4. The spring is therefore stretched by an amount (x, — x4) and 
so exerts a force k(x — x4) which acts to the left on particle B and to the right 
on particle A. Remembering that positive forces act to the right we can say that 
the total spring force on particle A is {kg(x» — x4) — k4xX,} and that on particle B 
is {—kg(xpg — x4)}. Since in our model the spring forces are the only forces acting 


By equilibrium position | 
mean the static position (i.e. 
the position at which there is 
no net force acting on the 
particle), 


This method of defining the 
positions of the particles is 
different from the one used in 
previous units where all 
positions were referred to a 
single origin. The convention 
used in this unit is much more 
convenient for our present 
purposes. 


Figure 3 


particle A particle B 
Pola es 
\ 


Ma nn ma 


particle A particle B 


() 
Figure 4 
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on the particles in the direction of motion we can now write down the equations 
of motion of both particles by invoking Newton’s second law: 


kalxp — Xa) — kaXa = Maka (1) 
—kalxy — Xa) = maXp- (2) 


After dividing the first equation by m,, the second by m, and then rearranging, we 
can rewrite (1) and (2) in the matrix form 


“(hat hs) bp 
ma ™a|[ xy ]_ [Xa 
Cae []-[%} 3 
mp ma 


Thus (3) is a system of differential equations which describes the behaviour of the 
model in Figure 4. 


The next task is to find the solutions of (3), That is, find expressions for x, and xg 
as functions of time. There are, of course, many different solutions of (3) but in the 
next subsection we shall show that it is possible to find some particularly simple 
solutions, called normal modes, with the property that both particles execute 
simple harmonic motion at the same angular frequency. The importance of these 
normal mode solutions will become apparent at the end of this section where we 
show that any solution of (3) can be expressed as a sum of normal modes. 


2.2. Normal modes 


One way of solving the equation of motion (3) would be to turn immediately to 
the method described in the unit on systems of differential equations. Using this 
method, one can obtain the general solution of the equations of motion. However, 
before doing this I shall try to gain a more intuitive feeling for the behaviour of 
the system by considering some special solutions which can be obtained without 
reference to the simultaneous differential equations unit. To find them, let us recall 
that the typical motion of an undamped vibrating system with only one degree of 
freedom is simple harmonic motion, and ask ourselves whether a similar motion is 
possible with two degrees of freedom. More specifically, we ask ourselves the 
question: is it possible for the two-degrees-of-freedom system in Figure | to move 
in such a way that both particles execute simple harmonic motion with the same 
angular frequency? To answer this question let us see whether it is possible to 
satisfy Equation (3) with sinusoidal functions: 


x4(t) = Asin(wt + p,4) 
Xg(t) = Bsin(wt + dy) 


in which A, $4, B, bg and w are constants to be determined. Without loss of 
generality we shall impose the constraints that both A and B (the amplitudes) and 
(the angular frequency) are positive and that both 4 and @y lie between —7 
and z. 


Using the above expressions for x, and xg, it follows that X, = Awcos(wt + 4) 
and Xp = Bw cos(wt + @,) and, differentiating a second time, that 
4 = —Aw?*sin(ot + b4) and X, = — Bw? sin(wt + py). We can rewrite the last 
two expressions more simply as follows: 

¥4 = —@?xX4 (4) 
Xp = —w* x5. (5) 
Equations (4) and (5) are, of course, merely alternative statements of the fact that 
we are assuming that the two particles move with simple harmonic motion about 


their equilibrium positions, the frequency being the same for both particles, In 
matrix form Equations (4) and (5) can be written 


Este 
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Substituting this expression into Equation (3) gives 


tka the) ke 
™, ma |) Xa} _ _ 2] Xa 
wi |[s]--efz} 7 
ms ma 


From the unit on eigenvalues we know that Equation (6) has a solution provided 
—w? is an eigenvalue of the matrix on the left-hand side. So, for each eigenvalue 
—v) there are solutions of Equation (3) in which both particles are oscillating 
with the same angular frequency w. Such solutions are called normal modes and 
the angular frequency of the motion is called the normal mode angular frequency. 


Finding the normal mode angular frequencies 


To avoid an excessive amount of algebra I shall illustrate how to calculate the 
normal mode frequencies by working through an example with particular values 
for m4, mg, k, and ky, 


Example 1 
Suppose that the parameters for the model shown in Figure 1 are m, = 6, ma = 4, 
k4 = 20 and ky = 10. Calculate the normal mode angular frequencies of the model. 


Solution 
Substituting the values of m4, mp, k, and ky into Equation (6) gives 
=5 1.67 |] x4 a} Xa All calculations in this unit 
25, =2:5 Pixel pd [oF are worked to the full 
‘ 8. a. accuracy of a calculator, but 
are recorded here to two 


Since the matrix is 2 x 2 its eigenvalues are easily found by solving the decimal places for S 
characteristic equation. Here I shall call the eigenvalues —q?, rather than / as in convenience. 
the unit on eigenvalues, and so the characteristic equation takes the form 

—S+u 1.67 


2.5 —25 + 


Since it is the values of the angular frequencies w that interest us, rather than the 
eigenvalues —«w*, we can proceed as follows: we expand the determinant to give 
the equation 

(w?)? — 7.5(w?) + 8.33 = 0, 
and then solve for w* by the usual method for quadratics. This gives 


PLE: vias =4 x 833 


= 1.36 or 6,14, 

and so the possible values for the angular frequency w are 

w= /136=116 “and w= /61F= 248. 
There are therefore two possible frequencies at which both particles of the two- 
degrees-of-freedom model can move with simple harmonic motion. Morte briefly, 
the model has two normal mode angular frequencies. I shall make it a rule 
throughout this unit to call the lowest value normal mode angular frequency co, 
and to number the other values in order of magnitude. The normal mode with 
angular frequency , is called the first normal mode, the one with angular 
frequency «, is called the second normal mode — and so on. In this case we have 

w, = 1.16(rad s~') and 2 = 2.48 (rads~'). 
Now try some similar calculations for yourself: 
Exercise 3 


Assuming that in the model shown in Figure 4 the stifinesses are k, = ky = k and the 
masses are m, = my = m, calculate the two normal mode angular frequencies. Do the 
calculations as accurately as you can but give the numbers in the final result accurate to 
two places of decimals, 


[Solution on p. 31) 
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Exercise 4 

Suppose that the parameters for the model shown in Figure 1 are my = 1.67 x 103, 

my = 167, k, = 12 x 10° and ky = 5.9 x 10°. Calculate the two normal mode angular 
frequencies. Do the calculations as accurately as you can but give the final results to the 
nearest integer, 


[Solution on p. 31) 


To sum up what we have done so far: we began by investigating the conditions 
under which the two particles of the model in Figure 4 could both move with 
simple harmonic motion at the same angular frequency. We did this by looking for 
special solutions of the equation of motion (3), having the form 


x(t) | _ | Asin(wt + p4) ) 
xa(t)| | Bsin(wt + bg) 
and found that there are two angular frequencies (w = @, and w = @) for which 
such solutions exist. The motions described by these special solutions are called 


normal modes and the angular frequencies «, and «2, are called the normal mode 
angular frequencies. 


Although we have seen how the normal mode angular frequencies w, and «w are 
found, as yet we have no information concerning the amplitudes and phases of the 
normal modes. We turn our attention to this now. 


Normal mode displacement ratios 


To a certain extent the amplitudes and phases of the normal mode oscillations are 
arbitrary. They depend on the starting positions and velocities of the particles and 
cannot be determined without additional information. What we can do however is 
find a relationship between the phases ¢, and ¢,, and between the amplitudes A 
and B, when the particles are executing normal mode motion. To do this we go 
back to the conditions for normal mode motion given by the eigenvector equation 
(6): 


LORS Ay a5 
ma ma|[xalt)]_ _ oP xalt) 
ky _ kp [aol ooh o 
ma mp 


We have seen that normal mode motion occurs when —«? is an eigenvalue of the 
matrix on the left-hand side. But so far we have not considered the eigenvectors, 
For normal mode motion the particles must move in such a way that 

[x4(t) xp(t)]” is always equal to an eigenvector corresponding to the eigenvalue 
—w*. This means that x4(t) and x,(t) must satisfy the equations 


(o* - tutte alt) + SE lt) = 0 (7) 


kp | ‘| 
wa “a =0. 8 
alt) + Xa(t) (8) 


From either of these equations we obtain 
Xalt) = Rx4(t) (9) 
where R is a constant given by 


_ kp tka — mao? _ 


The first expression for R comes from Equation (7); the second from Equation (8). 
Provided w is a normal mode angular frequency the two expressions are equal. 


From (9) we have 


Xalt) |_| Xalt) | _ 1 
[rn }-[et]-eL} 
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So for normal mode motion [x,4(t) xz(t)]" is equal to the eigenvector [1 R]’ 
multiplied by the sinusoidal function x4(t) = A sin(wt + @,), or in terms of the 
component functions x,(t) and x,(¢): 


x4(t) = Asin(wt + 4) 
X,(t) = RAsin(wt + d4). 


Since R is a constant, Equation (9) tells us that the two displacements x,(t) and 
x,(t) are proportional, and that the ratio x4(t)/x,(t) (for xg(t) non-zero) is equal 
to R for all values of t. For this reason R is called the displacement ratio of the 
normal mode, 


Because x,(t) and x ,(t) are proportional, the two particles pass through their 
static positions at the same time. There are two possible types of motion, 
depending on the sign of the displacement ratio R. If R is positive, then (9) shows 
that x, and x,» always have the same sign so that the two particles are always 
both on the same side of their static positions. In this case the two particles are 
said to be in phase (see Figure 5(a)). On the other hand if R is negative, then x, 
and x, always have opposite signs, so that both particles are always on opposite 
sides of their static positions. In this case the two particles are said to be phase- 
opposed (see Figure 5(b)). 


i Asin (at + dy) iat 
\ 
| 
! Se “Asin (ar + d 
\ B sin (wt + dy) ts s Eameal 
=I do sin (wt + bp) 
i by = —dy tt 
(a) In-phase motion (b) Phase-opposed motion 


Figure 5 


By looking carefully at the graphs in Figure 5 we can establish a relationship 
between the amplitudes A and B and between the phases @, and dy. We start by 
considering amplitudes. If we stretch the graph of x, in each of Figures 5(a) and 
5(b) by the factor |R| (that is, by the magnitude of R) then it will have the same 
amplitude as the graph of xg. This observation enables us to write down the 
following relationship between the amplitudes: 


B=|R\A, 


or 
B 
IRi=3- 


So the magnitude of R gives the ratio of the amplitudes. 


Let us now turn our attention to the phases. It is convenient to consider the cases 
of in-phase motion and phase-opposed motion separately. If the particles are in 
phase as in Figure 5(a) then stretching the graph of x, vertically by |R| will 
actually make it coincide with the graph of xg. For this to happen both 
oscillations must have the same phase. So in this case we have 


b= de. 


If, however, the particles are phase-opposed then, in addition to stretching the 
graph of x, vertically by |R|, we will have to shift it sideways a distance x to make 
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it coincide with the graph of xg. So we conclude that the phase of x, must differ 
from the phase of x4 by . That is, 


lon — bal = 7. 


In the expression x,(t) = RA sin(wt + 4) given above, the phase difference is 
automatically taken care of by the sign of R, If, however, we want an expression 
for x,(t) explicitly in terms of amplitude and phase we would have to write 


Xa(t) = |RIA sin (wt + os) 
where da=GsifR>O or — Iba — bal = (with —2 < gy <n)ifR <0. 


To summarize, each normal mode has a displacement ratio that specifies the 
relationship between the two particles: the magnitude of the displacement ratio 
gives the ratio of the amplitudes of the oscillations; the sign of the displacement 
ratio determines whether the oscillations are in phase or phase-opposed. If we 
denote the displacement ratio for the first normal mode by R, and the 
displacement ratio for the second normal mode by R2 then the motion of the 
particles in the first normal mode is given by 

X4=A;sin(yt+o:), Xp = Ay Ry sin(m,t + 4) 
where A, and ¢, are constants (#, was previously called 4). The motion in the 
second normal mode is given by 


X4 = Azsin(Wot + $2), Xp = ArRasin(wat + 2). 


Finding the normal mode displacement ratio 


As an illustration we shall work out the normal mode displacement ratios for the 
model in Example 1. 


Example 2 


In Example 1 we considered the model shown in Figure 1 with my = 6, mp = 4, 
k, = 20 and ky = 10. 


Calculate the normal mode displacement ratios for this model. 
Solution 


In Example 1 we considered the eigenvalue problem 


-5 1.67 || x, = —w| *4 
25 =25 [xe] "| xs! 


and found two normal mode angular frequencies @, and w, where w] = 1.36 and 
«} = 6.14. To find the corresponding normal mode displacement ratios R, and Ry 
we look for eigenvectors of the form [1 R,]" and [1 R,]’. We do this in the 
usual way by substituting the appropriate values of «? into the equation 


—S+w? 1.67 xa]_f0 ©) 
25 -25+07 xe] [0 
and solving for x, and xp. 


For the first normal mode we put w? = 1.36 into (9) to obtain the simultaneous 
equations 


—3.64x, + 1.67x,=0 
2.5x4—1.14x,=0. 
Both these equations give 
Xp = 2.19x, (to two places of decimals) 


and so putting x, = 1 we obtain the required eigenvector [1 2.19]". It follows that 
the normal mode displacement ratio corresponding to the normal mode angular 
frequency «, is R, = 2.19. 
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For the second normal mode, we put ? = 6.14 into (9) to obtain the 
simultaneous equations 


1.14x4 + 1.67x_ =0 
2.5x4 + 3.64x, =0. 
Both these equations give 
Xg = —0.69x, a (to two places of decimals) 


and so putting x, = 1 we obtain the required eigenvector [1 —0,69]". It follows 
that the second normal mode displacement ratio is R, = —0.69, The negative sign 
means that the motions of the two particles are phase-opposed so that when one 
particle has reached the extreme point of its travel to the right of its static 
position, the other particle will be at the extreme point in its travel to the left of its 
static position. It also means that during this motion the velocities of the two 
particles will always be in opposite directions (except, of course, when the 
velocities are instantaneously zero at the extreme ends of the travel of each 
particle). 


The general undamped lumped-parameter model with two degrees of freedom 
In this subsection I have dealt almost exclusively with the model shown in Figure 
1 (page 7). However, all that I have said can be applied equally well to any 
undamped lumped-parameter model with two degrees of freedom. This is because 
the equations of motion for such models can always be written in the matrix form 


Hx (10) 


where H is a 2 x 2 matrix, and this is a straightforward generalization of the 
equation of motion (3) for the model in Figure 1, Indeed, we can obtain (3) from 
(10) by putting 


that ku) kw 

e. ma, ma, 
He hee ae 
msg map 


The techniques developed so far in this subsection have been based on Equation 
(3) but all these techniques can be applied to the more general Equation (10), as 
described in the following procedure. 


Procedure 2.2: To find the normal modes of an undamped lumped- 
parameter model with two degrees of freedom 


1. Write down the equations of motion for the system and express 
them in the matrix form 


Hx = 


2. Write down the characteristic equation of the matrix H in 
terms of —w? and solve'for @ to obtain the two normal mode 
angular frequencies @, and w. 


3. Find corresponding eigenvectors in the form [1 R, ]’ and 
{1 R2]" to obtain the two normal mode displacement ratios R, 
and R2. 


4, The motion of the particles in the first normal mode is given 
by 


X4 = A;sin(w,t + 1) and Xp = R,A,sin(@,t + o;) 


and the motion of the particles in the second normal mode is 
given by 


x4=Azsin(w2t+ 2) and = xg =RzAzsin(2t + 2). 
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You may wonder what happens if the matrix H in this procedure has positive 
eigenvalues, for it would then be impossible to find real values for the normal 
mode angular frequencies. It turns out, however, that the matrices H resulting 
from lumped-parameter models can never have positive eigenvalues, The only 
complication that can arise is for one of the eigenvalues to be zero. We shall deal 
with such cases in Section 4. 


Exercise 5 
Using the data and results of Exercise 4 determine the corresponding values of the normal 
mode displacement ratios. 


[Solution on p. 32] 


Exercise 6 
Calculate the normal mode displacement ratios for the model in Exercise 3, 


[Solution on p. 32] 


2.3. The general motion 

So far, all that we have done has concerned the normal mode motion of simple 
idealized systems like the one shown in Figure | (on page 7). Normal mode 
motion means that both particles move with simple harmonic motion at the same 
angular frequency, though generally with different amplitudes. But suppose you 
actually made up a system like the one in Figure 1, displaced each of the two 
particles by an arbitrary amount from its equilibrium position and then released 
both particles: you would probably find that neither particle moved with simple 
harmonic motion. Indeed the motions would probably look quite irregular and 
complicated. The television programme associated with this unit includes a 
demonstration of this. So the question arises: Is there any connection between the 
kind of motion I haye just described and the normal modes? The answer is ‘yes’; 
and, what is more, if we know the normal mode frequencies and displacement 
ratios, then we can predict the motions of the particles which result from any 
arbitrary set of initial conditions, 


To justify this statement we go back to the equations of motion, From the last 
subsection we know that the equations of motion for an undamped lumped- 
parameter system with two degrees of freedom can be written as a system of 
differential equations of the form 


Hx = x, (10) 


This type of system was discussed in the unit on the systems of differential 
equations, where (for negative eigenvalues) the general solution was shown to be 


¥ a,(C,c0s(/—At) + D, sin (\/—At)). 


rat 


x 


In this solution n is the number of equations in the system, A, is the rth 
eigenvalue of H, a, is the rth eigenvector of H and the C,’s and D,’s are arbitrary 
constants. We can now rewrite this general solution so as to conform with the 
notation developed during our discussion of normal modes in the last subsection. 


In the last subsection we confined our attention to models with two degrees of 
freedom, For such models n = 2. Also, we used the notation —«,? for the 


eigenvalue A, and so we can replace ./ —A, by w,. Furthermore the eigenvector 
corresponding to the eigenvalue —«w,’ was chosen to be of the form [1 R,]” 
where R, is the rth normal mode displacement ratio. Thus in the notation of this 
unit the general solution of (10) is 


x= Re Je cosa t + D, sina,t) + he |icscosot + Dz sin at) 
1 2 


or in terms of x4 and xp; 
X4(t) = (C, cos @,t + D, sin@,t) + (C2 cos mt + Dz sin w3!) } ay 


X(t) = R,(C, cost + D, sina,t) + R2(C, cos w2t + D2 sinwzt). 


See Unit 22, Section 3. 
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Now we know from Section | that the sinusoidal functions in the brackets can all 


be rewritten to give the general solution in the alternative form: 
x4(t) = A, sin(w,t + 1) + Azsin(~t + 2) i ro 
F . ( 
Xa(t) = Ry A, sin(~@,t + b,) + R2Agsin(~t + 3). 


Both (11) and (12) are useful forms for the general solution of (10). The form given 
in (12) shows clearly that the general solution is a sum of two normal modes: one 
with angular frequency «, and displacement ratio R,; the other with angular 
frequency w, and displacement ratio R,. Now the sum of two sinusoids of 
different angular frequencies is not a sunusoid and so by choosing different 
combinations of amplitudes A,, A> and phases #,, 2 we can obtain an unlimited 
number of non-sinusoidal solutions for x, and xg. Thus for an arbitrary set of 
initial conditions we should, in general, expect a non-sinusoidal solution. The only 
exceptions are those particular initial conditions which satisfy the requirements of 
normal mode motion, and hence cut out the other normal mode angular frequency 
altogether. In general, however, the motion will be a non-sinusoidal combination 
of normal mode terms. 


If we know enough about a system to be able to find the normal mode angular 
frequencies «,, @2 and the normal mode displacement ratios R,, R2 then we have 
enough information to write down the general solution. However, if we want to 
find a particular solution we still have to find four arbitrary constants (either C,, 
D,, Cy, D2 in the case of (11) or Ay, Az. $1, 2, in the case of (12)) and so we 
need four initial conditions, Here is an example. 


Example 3 


For the same data which we used in Exercises 3 and 6, i.e. ky = kg = k and 
m4 = mp, =m, predict the motion of each particle when the system is released with 
the following initial conditions 


x4(0)=X,x—(0)=0 and —-X4(0) = X¥_(0) = 0 


where X is an arbitrary number, 


Solution 


From Exercises 3 and 6 we know that the normal mode angular frequencies are: 


o =a [A and oa |e 
m m 


and the normal mode displacement ratios are: 
R, = 1.62 and R, = —0.62. 
We shall use the form of the general solution given in (11): 
x4(t) = (C; cos t + D, sin, t) + (C2 cosm2t+ D,sinw>t) 
Xalt) = Ry(C, cos@,t + D, sina, t) + R2(C2 cosat + Dz sin@t). } i) 
We shall also need the velocities 
X(t) = @,(—C, sin yt + D, cosa,t) 
+ ©2(—C sin wt + D2 cos mot) 
Xa(t) = ,Ry(—C, sina, t + Dy cosart) 
+ @2R2(—C) sin wt + D2 cos 31). 
Substituting in the initial conditions we obtain 
Cy +C,=X 
R,C, + R2C, =0 


@,D, + 2D, =0 


@,R,D, + @2R2,D2 = 
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which can be solved for C,, C2, D,, and D,. From the second pair of equations 
we obtain (since R; # R2) 


D, =D; =0, 
From the first pair we obtain 
RX 0.62X 
Gri oR IereOme 
(3) Rue 162K 072: 


“RRs 1624 062 


Substituting these values into (11), together with the values of w,, 2, R, and Ro, 
we obtain the required particular solution: 


k k 
X4(t) = 0.28X cos lose /, + 0.72X cos (ise JE) 


k k 
Xgl(t) = 0.45X cos lose Ji — 0.45X cos {100 Ji. 


These solutions are shown plotted in Figure 6 assuming k/m = 1 and X = 1 (only 
part of a cycle is shown). Notice that the curves are not sinusoidal, and check that 
the required initial conditions are satisfied. 


Scene 


Figure 6 


Exercise 7 


Using the same data as in Example 3 above show that when the particles are released with 
the following initial conditions, both particles will perform simple harmonic motion at the 
same frequency: 


x4(0) =X, x90) =RiX and —-X4(0) = X_(0) = 0. 
Here X is an arbitrary number. 
[Solution on p. 32] 


Summary of Section 2 


This section deals with undamped lumped-parameter models with two degrees of 
freedom, Such models have two angular frequencies at which both masses can 
move with simple harmonic motion. This type of motion is called a normal mode 
and the angular frequencies are called normal mode angular frequencies. In each 
normal mode the displacements of the two particles are proportional. The constant 
of proportionality is called the normal mode displacement ratio. A positive 
displacement ratio means that both particles move in the same direction during 
normal mode motion (in-phase); a negative displacement ratio means they move in 
opposite directions (phase-opposed ). 


The general free motion of an undamped lumped-parameter model with two 
degrees of freedom (i.e. the motion which results when the particles are released 
from arbitrary initial conditions) is not sinusoidal but can be shown to consist of a 
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superposition of appropriate proportions of two normal modes. The general 
expressions for the displacements x, and x, of the two particles take the form 


X4 = A, sin(wt + %,) + Azsin(wat + 2) 

Xp = RiA,sin(w, + 61) + R2Azsin(wyt + 2) 
where «, and jw, are the normal mode angular frequencies, R, and R» are the 
corresponding normal mode displacement ratios and A,, A>, p, and @2 are 


constants which satisfy A, > 0, A, > 0, —x < $, < mand —2 < #2 <x but which 
are otherwise arbitrary. 


3 Vibration absorption (Television Section) 


3.1 Pre-broadcast notes 


The programme is about undamped lumped-parameter systems with two degrees 
of freedom and it refers to the results of a generalized analysis as follows: 


Figure 1 shows the model and the notation used in the programme. The 
displacements x, and x, are measured (as usual in this unit) from the equilibrium 
positions, so that the spring forces available to accelerate the particles (over and 
above the spring forces required to support the particles) are k4x, and kg(xg — x4) 
respectively. 

Taking the direction of these forces into account, it follows that the equations of 
motion are 


Ka(xm — X4) — kaX4 = maka (1) 


—kalxa — Xa) =mpXn. (2) 
We can find the normal modes by substituting ¥, = —w*x, into (1) and 
X= —w*x, into (2) to obtain 
KalXn — X4) — kaXa = —mawo?x4 
—kpg(xp — Xa) = —mgw* xp. 
These equations can be rewritten in the form of an eigenvector equation: 
(hatha) ke 
ma ma | [xa] _ _o2f Xa 
a "| [s]- LS} 
mp mp 
or alternatively, 
ka tke 5 ke 
ma m4 [e = [o} (3) 
be ke _a| Lee) “Lo 
ms ms 


The matrix on the left hand side of this equation is quoted and discussed in the 
programme, 


Exercise 1 
Show that the characteristic equation of the model in Figure | is 


i's (fz + Atte) ge y Mote 
mya mama 


[Solution on p. 32) 
From the characteristic equation found in Exercise 1 it is possible to find the 


values of w*, each of them corresponding to one of the two normal mode angular 
frequencies w, and @. 


ka 


my 


ind # 


Figure 1 


4 


equilibrium 
position of 
particle A 


equilibrium 
position of 
purticle B 
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Now view the television programme ‘Vibration absorbers’. 


3.2. Vibration absorbers 


The programme demonstrates free and forced vibration in undamped lumped- 
parameter models with two degrees of freedom, and-discusses the way in which 
these models can predict the performance of real systems, and help with the design 
of vibration absorbers whose purpose is to suppress unwanted vibrations. 


To illustrate free vibrations, there is a studio demonstration of the fact that, given 
the right initial conditions, it is possible for the free motion of a system like that in 
Figure 1 to take the form of simple harmonic motion of both particles, the 
frequency being the same for both. But it is also shown that, in general, for 
arbitrary initial conditions, the free motions of the particles are not simple 
harmonic. 


Exercise 2 


The studio demonstrations use a double spring-mass system similar to that shown in 
Figure 1 in which 


m4 = 0.38(kg) ky = 15(Nm~') 
my = 0.146(kg) ky = 5.8(Nm~'). 


Estimate the normal mode angular frequencies for this system assuming it to be undamped 
and assuming the springs to be perfect. 


[Solution on p, 33] 


Exercise 3 


For the demonstration system specified in Exercise 2, estimate a ratio for the initial 
displacements of the particles from their equilibrium positions so that, after release, both 
particles move with simple harmonic motion at the same angular frequency. 


(Solution on p. 33] 
In the programme, forced motion is illustrated by giving the upper end of the 
spring in Figure | a vertical sinusoidal motion y = YsinQt. In other words, what 
was the fixed end of the system is now made to move with simple harmonic 
motion, The studio demonstration shows that after a short time both particles 
settle down to a steady-state consisting of simple harmonic motion with the same 
angular frequency as the motion imposed on the upper end, i.e. with angular 
frequency 2. The equations of motion can be derived from Figure 2 (the 
displacements x, and x, of the particles being measured from the same positions 
as in Figure 1): 

—kalXa — y) + kplXa — X4) = mak, (4) 

—kg(Xp — X4) = maXp. (5) 

Notice that, as pointed out in the programme, these two equations are very similar 
to Equations (1) and (2) which were obtained for the free motion of the system. 
The only difference is the presence of the y in Equation (4), 


Remembering that y = Ysin Mt, we can rewrite the last two equations as follows: 
maka + (ka + kale, — kexg = ky Ysin Qe (6) 
moXa + kexp — keXa =0. (7) 

We can find the steady-state solution of these simultaneous equations by following 

the procedure explained in Subsection 4.2 of Unit 22. 

Exercise 4 

Find the steady-state solution of Equations (6) and (7). 

[Solution on p. 33] 


A bu 


y=Y¥sinQr 
ka 
bo 
_ fra s. 
rma |feauiliBrium positions 


of the particles 
when there is 
no forced motion 
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From the solution to the last exercise it is clear that the amplitudes (or maximum 
values) of x, and x, are, respectively, 


(ky = mpQ?)kaY 


4 pa hy — mV key — ma) — he? 


and 
= kakaY 

(ka + kp — m4Q? (kg — mpQ?) — ky?” 
Figure 3 shows these amplitudes plotted against Q. 


B 


amplitude of x14 amplitude of xy, 
| | | | 
I | | I 
| | | | 
| | | 
| | | | 
| | | | 
| | | | 
i¥| | | IY! | | 
: {| | - 
0 wo} Vigne w a ) Ri erre @; 2 
Figure 3 (a) main mass (b) absorber mass 


The two noticeable features of the graphs are: 
(i) that there is a value of Q for which x4 = 0; 


(ii) that there are two values of Q near which both amplitudes become very large. 
These values of Q are known as the resonant angular frequencies, 


Resonance will occur at the values of Q for which the denominator of the 
expressions for the amplitudes A and B is zero. (Note that both expressions have 
the same denominator.) The condition for resonance therefore is 


(kat kn — mQ?kq — my?) — kp? = 0, 
ie. kakg — kgm4Q? — kympQ? — kgm_Q? + mamyQ* = 0, 
ka Katka) oe 5 kako 
mp Ma mamp 


4 


or of - =0. 


Jor + 


If we put Q equal to the normal mode angular frequency «, we get the 
characteristic equation of the system which you derived in Exercise 1, It follows 
that the normal mode angular frequencies are also the resonant angular 
frequencies of the system. 

The value of Q for which x, =0 can clearly be found by putting the numerator of 
the expression for A equal to 0. Since k,Y # 0 (otherwise we should have no 
forced motion), we must have 


kg — mpQ? = 0, 
ie. gah 
mp 
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At this angular frequency particle A is stationary even though the top end of the 
system continues to move according to y = Ysin Mt, and particle B continues to 
vibrate, too, Under these circumstances the system is said to act as a vibration 

absorber, m, being the main mass whose vibrations are absorbed (so that it is kak stiffness of 
stationary) and my being referred to as the absorber mass. As you can see from the a air column 
graph, fine tuning is essential for good vibration absorption; even quite a small 
change in the value of Q can move the value of x, quite a long way away from 
zero. ma mass of car deck 


ma mass of water 


The vibration absorber designed by Southampton University to reduce the 
vibrations of the car deck on a Sealink ferry (now called Earl William, formerly 
Viking 11) works on the principles I have just outlined. The vibrations are due to 


. a stiffness of 
the action of the propellers. The mass and the stiffness of the car deck constitute hag onus 
the main mass m, and the stiffness k,. A mass of water supported on a column of 
air makes up the absorber mass and its spring. A schematic sketch of the x forcneda 

: ian forcing due 
arrangement is shown in Figure 4. apereled 
In the programme, Dr Hunt of Southampton University demonstrates a small Figure 


version of this device and points out that it might be possible in future for the 
tuning to be done automatically so as to maintain a low amplitude of vibration of 
the car deck at all engine speeds. The present design does not have this facility but 
is tuned to the vibration frequency at normal speed, which is about 13 hertz (i.e. 
13 cycles per second). 


Summary of Section 3 


The free motion of an undamped lumped-parameter model with two degrees of 
freedom can be expressed as a superposition of the two normal modes of 
vibration. 


For the forced motion of the undamped lumped-parameter model with two 
degrees of freedom shown in Figure 2 the normal mode angular frequencies are 
also the resonant angular frequencies. The graph of steady-state amplitude against 
angular frequency for each particle therefore shows two resonant angular 
frequencies. Between these there is one angular frequency at which the amplitude 
of one particle (the one with mass m, in Figure 2) is zero though the vibration of 
the other particle has a finite amplitude. This angular frequency is given by 


k z 
X= {= where ky is the stiffness of the spring connecting the two particles. At 
iB 


this angular frequency the system is said to act as a vibration absorber. This 
principle is used to suppress unwanted vibrations, as in the case of the car deck on 
the ship featured in the television programme. 


4 Extending the scope 


4.1 About this section 


In this section, I return to the discussion of normal mode motion. So far in this 
unit I have concentrated mainly on the simplest model which demonstrates the 
properties of normal modes: the undamped, two-degrees-of-freedom, lumped- 
parameter model shown in Figure 1 of Section 2. In the first part of this section I 
want to consider a physical system which is similar to this model (not least 
because it, too, has two degrees of freedom) but which takes a slightly different 
form. 


The rest of this section will be devoted to coping with more than two degrees of 
freedom. For this, some of the mathematical methods from the unit on eigenvalues 
will again be very useful. I shall again stick to undamped models and I may as 
well say here and now that those with more than two degrees of freedom behave 
in much the same general way as those with just two, except that they have more 
normal mode angular frequencies and normal mode displacement ratios and 
require bigger matrices which are somewhat more laborious to handle. But that is 
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merely a matter of technique—the treatment of more than two degrees of freedom 
is really just an extension of methods we have already used: no new principles are 
involved. 


4.2 A degenerate model 


The model I want to discuss next is shown in Figure I. You have already met this 
model in the unit on simple harmonic motion — the first unit on vibrations — but 
you may find it interesting to meet it again in a slightly different context. It is 
different from the two-degrees-of-freedom models that I have dealt with so far in 
this unit, in that no part of the model is attached to a fixed point, 


We shall treat the model in the same way that we have treated the other models in 
this unit. We begin by choosing an equilibrium configuration from which to 
measure the displacements of the particles. Because no point of the model is fixed, 
there are many ways of doing this. Any configuration in which the spring has its 
natural length /, will do, for there will then be no forces acting on the particles. It 
does not matter which equilibrium configuration we choose so long as we pick a 
particular one and stick to it. Figure 2 shows a snapshot of the model at some 
instant after the particles have been set in motion, together with the equilibrium 
positions from which the displacements x, and x, are to be measured. The 
arrowheads for x4 and xg define, as before, the positive direction for 
displacements, velocities, accelerations and forces. The spring force is k(xp — x4), 
and so, taking the direction of forces into account, the equations of motion of the 
two particles are; 


Kk(xg — X4) = maX4 
—k(xp — X4) = mpkp 


which can be written in the matrix form 


k k 
ma ma, 
k k 
Mp mp 
For normal mode motion we put %, = —«w?x, and %, = —a@*xy to obtain the 
eigenvector equation 
k 
(- —+ o) oe 
ma m, ts aH () 
ee (- te + o' me : 
mg Mp 


The characteristic equation of the model is therefore 


2 
(-E +o) (- ch + «| pes =0, 
ma mp mamy 


k k ke kK 
or a —— wo? — —@ + - = 
mM, mpg MyMg = Myma 
k 
ie. o* — |— + —]u? =0. 
im, My 


This is fairly easy to solve because there is no constant term and so we can factor 
out «? to obtain 


k 
oor -—(—+ sl } =0. 
"4 Me, 
Hence 


@,? = ie. wo, =0 


ma k 


Figure | 


—I,— 

: ty tn 

fi \ 

Bailie x8 , 
my 
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A system for which one of the normal mode frequencies is zero is called a 
degenerate system. The effect that this has on the normal mode motion can easily 
be seen by substituting @ = 0 into one of the equations in (1) above. From the top 
equation we get 
k k 
——X4 + — Xp = 0 
Ma’ my 


so X4 = Xa. 


Thus, at any instant of the normal mode motion, both ends of the spring are 
displaced by the same amount and so this corresponds to a mode in which the 
spring is neither compressed nor extended. This means that the force on each 
particle is always zero and so the particles move at a constant velocity as though 
they were part of the same rigid body. For this reason, this normal mode is 
referred to as a rigid body mode and its existence is typical of a degenerate system. 
The other mode is unremarkable; you might like to work out its displacement 
ratio for yourself: 


Exercise 1 
Derive the second normal mode displacement ratio of the degenerate system in Figure 2. 


[Solution on p. 33) 


The general expression for the displacement of each particle will be similar to that 
which we obtained in Section 2, but with one important difference: since, as we 
have seen, the motion corresponding to the lower normal mode is one of constant 
velocity for both particles (the same velocity for both) it follows that for this 
normal mode 


X4=%p=C, 
and hence 
Xa =X—g=Ct+D, 
where C and D are arbitrary constants. 


The motion corresponding to the second normal mode is unchanged, so that, for 
the general motion 

xX, = Ct + D+ Aysin(«gt + 2) 

Xp = Ct + D+ RiAzsin(~3t + d2). 


4.3 Three degrees of freedom 


As I have already said, a model with three degrees of freedom behaves in the same 
general way as a model with two degrees of freedom except that it has three 
normal mode angular frequencies and three normal mode displacement ratios. In 
this subsection I will consider two models with three degrees of freedom: first a 
degenerate model and then a non-degenerate model. 


A degenerate model 
This time, I will start with a numerical example. Consider the three particles and 
two springs shown in Figure 3. 


20 10 


XA Xa Xe 
S N S 


Figure 3 
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The masses are given in kg and the spring stiffnesses in Nm~', as usual. The 
displacements are measured from the position which each mass takes up when the 
whole system is in one of its equilibrium configurations (that is, a configuration in 
which both springs have their natural lengths). We now imagine the three particles 
to be set in motion, and we proceed in the usual way. First, we need the equations 
of motion for the three particles. 


Exercise 2 
Write down the equations of motion for the three particles in Figure 3. 


[Solution on p. 33] 


You can now write down the eigenvector equation for normal mode motion, by 
incorporating the conditions X4 = —w*Xx,, Xp = —w*Xp and X¢ = —w*x¢ which 
specify the simple harmonic motion of the three particles. 

From this eigenvector equation you can derive the characteristic equation for the 
model in the same way as we did for models with two degrees of freedom. 


Exercise 3 
Write down the eigenvector equation for normal motion and hence derive the characteristic 
equation of the model in Figure 3. 


[Solution on p. 33] 
So the characteristic equation of the model is 
w® — 11.5@* + 25w? = 0 


where w represents the normal mode angular frequency in rads *, This is a cubic 
equation in w*, but notice again that the constant terms have cancelled, so that we 
can write 


w*(w* — 11.5H? + 25) = 0. 
Hence, either @* = 0 or 
(o* — 11.5e* + 25) = 0. 


So we need only to solve a quadratic in w? to find the other two normal mode 
angular frequencies. We have 


ous i ST Fen 
Hence 
o?=0 ie. w,=0 
w;? = 291 ie. W, = 1.71 (rads~') 
ws? = 8.59 ie. Wy = 2.93 (rads~'). 


The lowest normal mode angular frequency is zero, and so the model is 
degenerate. We can quickly check that the lowest normal mode is a rigid body 
mode as follows. 


From Exercise 3 we know that the equations for the normal mode eigenvalue 
problem can be written 


(-44+ 07)x,+ 4x, =0 


3x4 + (—S +07 )x— + 1.67x, =0. 
25x_ + (—2.5 + w)x¢ = 0. 


For the normal mode frequency «, = 0 it is clear from the first equation that 
X4 = Xz, and from the last equation that xg = xc. So for this normal mode the 
displacements of the particles are equal at all times during the motion. This is 
therefore a rigid body mode. Since both springs remain at their natural lengths, 
the force on each particle is zero and so all the particles move with the same 
constant velocity. 
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It is interesting to characterize this rigid body motion in terms of displacement 
ratios, When we were dealing with models having two particles, each normal mode 
had a displacement ratio xg/x4 associated with it which related the motion of 
particle B to the motion of particle 4. Now that we are dealing with a model 
having three particles, each normal mode requires an extra displacement ratio 
X¢/X,4 to relate the motion of the third particle C to the motion of the other 
particles. In the case of the rigid body mode just considered x4 = xg = x~ and so 
both the displacement ratios x»/x4 and x¢/x, must be 1. 


To complete the calculations, let us find the displacement ratios for the other 
normal modes. For the second normal mode we have «? = 2.91 and so the 
equations become 
—1.09x,+ 4xp =0 
3.33x4 — 2.09xy + 1.67x¢ =0 
2.5x_ + 0.41x¢ = 0. 
These can be solved by Gaussian elimination as in the unit on eigenvalues; but as 
in our previous eigenvector calculations in this unit it is quicker to start with the 
first equation, which gives x, in terms of x4: 


ae ee =027%,4. 


Then we can use the third equation to express x; in terms of xg and thence in 
terms of x4: 


2.5 


erat 


Xp= x 0.27x, = —1.66x,. 


25 
0.41 
The middle equation can then be used as a check: 
3.33x4 — 2.09 x 0.27x4 + 1.67 x (—1.66)x, ~ 0. 
So, if we take x4 = 1, we obtain the eigenvector 
1 

0.27 

— 1,66 
Because the entry for x, is unity, the entries 0.27 and — 1.66 give the two 
displacement ratios xy/x, and X¢/x, for the second normal mode. The change of 
sign shows that at any instant during the motion particles A and B are moving in 
the same direction (in-phase) while particle C is moving in the opposite direction 
(phase-opposed) to A and B. 


Repeating the procedure with cw? = @;* = 8.59 we obtain 
Xp = —1.15x4 
Xe = —0.41x4 = 0.47x4. 

If we take x, = 1 we obtain the eigenvector 


1 
—115 
0.47 


So, in the third normal mode the displacement ratios are —1.15 and 0.47. Hence 
particle B is the ‘odd man out’, particles A and C moving in phase with each 
other. 
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A non-degenerate model 

The model | shall use here is derived from the degenerate model we have just 
considered by adding an extra spring and using it to anchor the model to a fixed 
foundation, thus removing the degeneracy, The resulting model is shown in 
Figure 4. _ 


10 | me 3 10 


! 1 1 
= ! ' | 


1 1 | 


xy Xe Xe 
N Ss S 


Figure 4 


The addition of the third spring is reflected in a change in the equation of motion 
for particle A which now becomes: 


—10x4 + 20(xy — x4) = 5X4, 


the other equations of motion remaining unchanged. The eigenvector equation for 
normal mode motion of the model in Figure 4 is therefore 


—6 4 0 X4 Xa 
3.33. -S 1.67] | xg| = —w? |xp |, (2) 
0 25 —2.5 X¢ Xe 


which is the same as the eigenvector equation obtained in the solution to Exercise 
3, with the exception of the term —6 which takes the place of —4. By comparison 
with the solution to Exercise 3 the characteristic equation for the model is 


(—6 + w?)(8.33 — 7.5e? + w*) — 13.33 x (—2.5 + w?) = 0, 
or w® — 13,5w* + 53.330? — 50 + 33.33 — 13.33w? = 0, 
ie, w® — 13.Sw* + 40m? — 16.67 = 0. (3) 


This equation has a constant term in it and we cannot therefore reduce it to a 
lower order by factoring out «* as we did before. So we are faced with the 
problem of solving Equation (3)—a cubic in w?. One way to proceed is to use 
one of the numerical methods from the earlier units of the course. To do this it is 
convenient to work with the eigenvalues 4 = —q? than directly with the angular 
frequencies c. In terms of A the characteristic equation (3) becomes 


—43 — 13.54? — 404 — 16.67 = 0, 
or A> + 13.52? + 402 + 16.67 = 0. 


This equation was solved numerically in Unit 18 (Section 2, Exercise 1) using the 
Newton-Raphson method, where the roots were found to be 


4, =~ —0.49707, 4, = —3.5464, Ay = —9.4565. 


We could, of course, have calculated these eigenvalues using one of the numerical 
procedures from the unit on eigenvalues, and that would have been an equally 
reasonable way to proceed. 


Once the eigenvalues have been found we can calculate the normal mode angular 
frequencies using A = —w?. We obtain (to two places of decimals) 


@7=050 ie,  , ~0.71 (rads~') 
w,? = 3,55 ie. @ = 1.88 (rads~") 
3? =946 ie. 3 = 3.08 (rads~'). 


The corresponding eigenvectors (and hence the displacement ratios) can be found 
by substituting these values of w in the eigenvector equation, as before. 
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The general case of free motion, for three degrees of freedom 


Lastly, we must look at the general motion of the particles in terms of the normal 
modes. We first consider the non-degenerate case. Just as for the two-degrees-of- 
freedom model we wrote: 


al = Arg, Janeen +o) + Ad g, fintos + 2), 


«@, and w are the normal mode angular frequencies, 
R, and R, are the normal mode displacement ratios, 


A,, Az, @; and #; are constants whose values can be determined by the 
initial conditions, 


so for a non-degenerate, three-degrees-of-freedom model we can write the general 
solution in the form 


XA 1 1 
Xp} =A, | Rig} sin(oyt + 1) + Az | Rap | sin(wot + 2) 
X¢ Rye Rx 
1 
+ Ay | Rp | sin(wst + bs) (4) 
Rx 
where 
@,, 2 and «ms are the normal mode angular frequencies, 
R,» is the displacement ratio = corresponding to w, (r= 1, 2,3), 
A 
R,c is the displacement ratio = corresponding to w, (r = 1, 2,3), 
A 
Exercise 4 


Use Equation (4) to write down an expression for the general free motion of the three 
particles of the model in Figure 4. 


[Solution on p. 34] 
When dealing with degenerate models the expression for the general motion given 
in Equation (4) must be modified, The way this is done is similar to the treatment 


of the two-degrees-of-freedom degenerate model in Subsection 4.2. The following 
example demonstrates this. 


Example 1 
Write down an expression for the general motion of the three particles of the 


degenerate model analysed at the beginning of this subsection, 
Solution 


For this model «, = 0, 2 = 1.71 and w, = 2.93 and the corresponding 
eigenvectors are 


1 1 1 1 1 1 

Ris| = i + | Ray} = | 027 | cand “IRay}| = [145 

Riz ll Rx —1.66 Rie 0.47 
As in the case of the degenerate two-degrees-of-freedom model in Subsection 4.2, 
the motion corresponding to the lowest normal mode (for which », = 0) is not 
sinusoidal. As I have already explained, the motion is one of constant velocity (or 
zero acceleration). Hence, for each of the particles, 

¥=0, 


ie. x=C, 


As for the two-degrees-of- 
freedom case, this equation 
can be justified from the work 
in the unit on systems of 
differential equations. 
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so x=Ct+D, 


where C and D are constants and ¢ stands for time. The other two normal modes 
are treated just as before and so the general motion is 


X4 i 1 
Xp} = |1])(C+Dt)+ | 0.27 | Agsin(1.71t + 2) 
Xe 1 — 1.66 


1 
+ | 115] A3sin(2.93¢ + 3). 
0.47 


4.4 Four and more degrees of freedom 


By analogy with two- and three-degrees-of-freedom systems, we can see that the 
general motion of a four-degrees-of-freedom spring-mass system of the kind we 
have been considering will have the form 


x4 1 

4 
Xe) > |) 4 sin(ot +o.) Degenerate models are dealt 
Xe a1 | Rec with in the usual way by 


Xp Ryo replacing A, sin(wt + $1) by 
where A, and @, are arbitrary constants and [1 R,» R,c R,p]" is an eigenvector 

corresponding to the eigenvalue —«,*. Because the first component of this 

eigenvector is unity the other components give the displacement ratios of the 

particles in the rth normal mode. The eigenvectors [1 Ry» Rye Rep)’ and 

eigenvalues 1 = —w,? (r = 1,2,3,4) can be found by one of the numerical methods 

recommended in Unit 21. A four-degrees-of-freedom spring-mass system forms the 

subject of Problem 2 in Section 5. 


The generalization to more than four degrees of freedom is straightforward. 


Summary of Section 4 


The free motion of an undamped lumped-parameter model with more than two 
degrees of freedom displays the same general characteristics as shown by the two- 
degrees-of-freedom model in Section 2 except that there are more normal modes, 
A three-degrees-of-freedom model has three normal modes, a four-degrees-of- 
freedom model has four normal modes, and so on. The general free displacements 
X4, X, and x¢ of the particles of a non-degenerate three-degrees-of-freedom model 
for example, may be written: 


X4 }! 1 
Xp | =A, | Rial] sin(wyt + b1) + Az | Rag] sin(t + 2) 
X¢ Ry Rx 


1 
+A3| Rag} sin (w3t + 3), 
Rye 


where 


;,@2,@3 are the normal mode angular frequencies, 


P 7% a 
R,g is the displacement ratio 8 corresponding to «,, 
Xa 


A 5 en) : 
R,c is the displacement ratio — corresponding to w,, 
Xa 
A,, Ax, As, $1, 2, 3 are arbitrary constants. 


Degenerate models (whose lowest normal mode angular frequency is zero) may 
have any number of degrees of freedom. 
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For a degenerate model with three degrees of freedom Rig = Rye = | and the 
motion corresponding to the first normal mode is one of constant velocity for all 
the three particles. The first term on the right-hand side of the equation for the 
general motion of the three particles is therefore 


1 
1} (C + Dt). 
1 


The other terms remain unchanged. 


5 End of unit problems Please refer to the study guide 
at the beginning of the unit. 

Problem 1 

Figure 1 shows two particles fixed to a length of string. The string is stretched, so that it is Mii. 


in tension, and, in this condition, is fixed between two rigid supports, one above the other, 
so that the string is vertical, Figure 1 shows the equilibrium position of the system. 


By making a number of simplifying assumptions (one of which is that gravity may be ! 
neglected compared with the tension in the string), small horizontal vibrations of the two 
particles may be modelled as a two-degrees-of-freedom system using the following equations 
of motion: mae —— 
f T 5 
— pha a — Xa) = Maks 


te ty 4 

[Oa Xe) ~ 7Xe = Make 
where T is the tension in the string, and x, and x, are the horizontal displacements of the ms@ —— 
particles from their equilibrium positions. 
For the case when my = my = 0.05kg and | = 0.2m, determine 1 


(a) the value of T required to make the lower normal mode angular frequency equal to 
300 rad s~*, 


(b) the corresponding value of the higher normal mode angular frequency, WT 


(c) the corresponding normal mode displacement ratios. Figure 1 


For each normal mode sketch the configuration of the system when the masses are furthest 
from their equilibrium positions, 


Predict the displacement of each mass at ¢ = 2, where ¢ is time in seconds, if the following 
conditions hold at ¢ = 0; 


x, =0, Xp=l and X= X_ = 0. 
[Solution on p. 34] 
Problem 2 
Estimate all the normal mode angular frequencies of the model shown in Figure 2, in terms 


of the ratio 4 given that; 


(a) the characteristic equation is 
AGA + 62? + 101 + 4) =0 
where A = —w?m/k; 


(b) one of the roots of the characteristic equation is —2, 


m m m m 


Figure 2 


Derive the displacement ratios corresponding to the highest normal mode angular 
frequency, 


[Solution on p. 35] 
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Problem 3 

An example of the use of an undamped absorber is furnished by the motor/generator set 
shown in Figure 3. It is used to compensate for any slight unbalance of the shaft which 
would set up a periodic force and cause vibration, Notice that the total absorber mass is 
made up of two equal parts, each attached by a leaf spring at opposite ends of the machine. 
The two leaf springs have equal stiffnesses. 


=~ absorber 
: springs. ———— j 
absorber 


absorber —— 
masses 


masses 


Figure 3 


This motor/generator set with its absorber was the source of the data on which Exercise 4 
in Section 2 was based. That exercise was concerned only with the vertical vibrations of the 
machine and so is this problem, 


In that exercise the main mass was 1.67 x 10°kg and it was attached to the foundation by 
springs of total stiffness 12 x 10°Nm~'. Each absorber mass was 83.5kg and the stiffness 
of the spring by which it was attached to the main mass was 2.95 x 10°Nm~', The main 
mass is subject to a sinusoidally varying force which is due to the unbalanced shaft. 


(i) At what angular frequency will the main mass remain at rest? 


(ii) During steady running, with the absorber keeping the main mass at rest, the total up 
and down movement of each absorber mass is observed to be 0,002 m. Calculate the 
maximum vertical force on the main mass due to the unbalance of the shaft. 


[Solution on p. 36) 
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Appendix 1: Solutions to the exercises 


Solutions to the exercises in Section 1 


1. Since r = 0, we can apply Newton's second law to Figure 
1 as if the dashpot were not present. If x = x9 when the 
spring is unstretched, then the equation of motion is 


mk = —k(x — xo) 
or = mX + kx = kxo. 


From Unit 7 we can recognize this as the equation for simple 
harmonic motion, the angular frequency being given by 


k % 10° . 
on [te pe a = 447 x 10° 


The angular frequency (often called the ‘natural’ angular 
frequency) is therefore 4.47 x 10° radians per second. 


2. The figures below show two more ways of specifying the 
configuration of the system. 


x x 


Since all these representations use two coordinates the 
system clearly has two degrees of freedom. 


3. The model in Figure 3 has seven degrees of freedom, 


4. (a), (c) and (d) all have two degrees of freedom. (b) has 
one degree of freedom. (e) and (f) both have three degrees of 
freedom. (g) has four degrees of freedom. 


Notice that the number of degrees of freedom does not 
depend on the number of forces acting on each particle —it is 
a purely geometrical notion: the smallest number of 
displacements from any fixed datum (arbitrarily specified) 
that is required to describe the configuration of the assembly 
at any moment during the motion (irrespective of what forces 
may be acting). For example, the two rigidly connected 
particles in (b) need only one coordinate to specify their joint 
position (in fact, they are equivalent to just one particle); 
and so this model has only one degree of freedom. 


5. The particle has 3 degrees of freedom. If you look back to 
what I said about Figure 4 in Subsection 1.3 you will realize 
that we now need an extra coordinate to allow for motion 
into and out of the paper. 


Solutions to the exercises in Section 2 


1. The equilibrium position corresponds to zero spring force, 
so that both springs have their natural lengths. It follows 
that the 0.1 kg mass is 0.6m from the datum line and the 
0.2kg mass is 1.2m from the datum line, 


2. Here equilibrium must cater for the support of both 
particles so that the force in the lower spring (attached to the 
0.2kg mass) must equal 0.2 = 9.81 = 1.96N and the force in 
the upper spring must equal (0.2 + 0.1) x 9.81 ~ 2.94N. 


The extension (beyond the natural length) of the upper 
2.94 
spring is, therefore, ~— = 0.039m so that the upper particle 


5 
is 0.039 + 0.6 = 0,639 m below the support. Similarly the 


1.96 
extension of the lower spring is 5 ~ 0.026m so that the 


lower particle is 0.639 + 0.6 + 0.026 = 1.265m below the 
support. 


3. The equations of motion are; 


K(xp — X4) — kxq = mit, 
—K(xp — X4) = m&p 


and so the eigenvector equation for normal mode motion is 


%&k ok 

m mi [xa] _ _oal x N 
k k [%] ol] 

m m 


The characteristic equation for the model is therefore 
22k k 
Be a 


m m 

k 

k [r-5 
m 


‘ 
ta ee tl 
milo 


3k k 
or w*-—o? +— =0. 
m m 


Solving this equation for w? we obtain 
Dg | ee “ 
we ( oa k 
; es ere dea Bd 


Denoting the lower of the two values of w by @, and the 
higher by a , we have 


22 | m 


@,? = 


2 
en 
ie w) > 1.62 mirads ). 


4, The equations of motion are: 
5.9 x 10°(x_ — x4) — 12 « 10°x4 = 1,67 x 103X,, 
=5.9 x 10°(xp — x4) = 167%p, 


and so the eigenvector equation for normal mode motion is 


179 x 10° 5.9 x 10 
167x109 67x10 |[xa]- xa 
59x 10° 5.9.x 10° [<4] ae bal 
Tn (ie 


The characteristic equation for the model is therefore 


(co? — 10.72 10°) 3.53 x 108 
35.33 x 10° (w? — 35.33 x 104)) 


ie. (wo? — 10.72 x 10°)(? — 35.33 x 103) ~ 124.82 x 10° =0, 
or w* — 46.050? x 10° + 253.86 x 10° = 0. 


2 


Solving this equation for w? we obtain 


ot _ 46.05 x 10° + ,/2120.41 x 10° — 1015.45 x 10° 


2 
= 23.02 x 10° + 16.62 x 10°. 


So we have 
0,7 =640 x10? — ie. 
oy? = 39.64 x 10° 


@, = 80 (rads~!) 
@z ~ 199 (rads~'), 


5. In Exercise 4 we considered the eigenvector equation 
~10.72 x 10° 353 10°[ x4] _ fa 
35.33 x 10° —35.33x 10°|jxp| | xs 

and found two normal mode angular frequencies «w, and w2, 


where «,? = 6.40 x 10 and 3? = 39.64 x 10°. The 
corresponding eigenvectors can be found by substituting 


these values of «* into 
ges x10? +7 3,53 x 10° | [x] ad [3] 
35.33 x 10° —35,33 x 10° +u?}|x—] [0 
and solving for x, and xg. 
In the case w? = 6.40 x 10° we obtain the equations 
—4.32 x 10°x4 + 3.53 x 10°xy =0 
35.33 x 10°x4 — 28.93 x 10°xp =0 


both of which give xp ~ 1.22x,. Putting x, = 1 gives the 
eigenvector [1 1.22]', so the first normal mode displacement 
ratio is 1.22. 


In the case «? = 39.64 x 10° we obtain the equations 
28.92 x 10°x, + 3.53 x 10°xy=0 
35.33 x 10x, + 4,31 x 10°xy=0 


both of which give x, > —8.2x4, Putting x4 = 1 gives the 
eigenvector [1 —8.2]’, so the second normal mode 
displacement ratio is —8.2. 


6. In Exercise 3 we considered the eigenvector equation 


[2k ~k 

m m |[xa]_ _ 2] Xa 
Piet 
mm 


and found two normal mode frequencies , and 2, where 
k 
w,? = 038 and w,? = 262K, The corresponding 


eigenvectors can be found by substituting these values of «* 
into 


ke iu ak 
‘ail lell 
4 Saat *a] 10 
m m 


and solving for x4 and xq. 


k e F 
In the case w* = 038 we obtain the equations 


=e en 
mm 


k 
ey — 0.62—xy =0 
m m 
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both of which give xp = 1.62x4. Putting x4 = 1 gives the 
eigenvector [1 1.62]", so the first normal mode displacement 
ratio is 1,62. 


In the case «? = 2.62 Eve obtain the equations 
k k 
0.62— —X,p= 
ed Bae 0 


k k 
ox4 + 162, x9 =0 


both of which give x, = —0.62x,. Putting x, = 1 gives the 
eigenvector [1 —0.62]” so the second normal mode 
displacement ratio is —0.62, 


7. We can use the equations from Example 3: 
X4 =C, cost + D, sina,t 
+ Cz cosw@ zt + Dy sinew, (si) 
Xp = Ry(C, cosa, t + D, sinw,t) 
+ RAC, cosa t + D2 sin wt) 
X4 = o;(—C, sinw,t + D, cosa,t) 
+ @3(—C2sin at + D2 cost) 
Xp = Ryo, (—C, sina;t + D, cosa) 
+ Ryu2(—Czsinwzt + Dz cost). 
Substituting the initial conditions we have; 
Cy +C, =X 
Ry Cy + R2Cz = RX 
Dio, + Daa, =0 
R,Dyo, + R2D202 = 0. 


From the second pair of equations we obtain, as in 
Example 3, 


D, =D, =0. 
From the first pair we get 
C,=X, C,=0. 


Hence, substituting in (S1) we find: 


x4 = C, cost = X cos (ose fe ‘ 


xp = RC, cosayt = nixeos(ow2 |), 


This is the first normal mode motion for the system and 
both particles perform simple harmonic motion at the same 


frequency. 
Solutions to the exercises in Section 3 
1. The characteristic equation is obtained by equating the 


determinant of the matrix on the left hand side of Equation 
(3) to zero, as follows: 


ka tke a kp 
See Uae 

lM 

=0 
ah) oes 
ms mp 
That is, 
ka + ke 
m4 é 
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2 Kako 
mam 


kat “*)o 


ma 


as required. 


2. Using the characteristic equation found in Exercise 1 and 
substituting the given values for masses and spring stiffnesses, 
we get 
5.8 20.8' 15 x 58 
Foe Ecos Pio ype Se Ti 
~ lo146 * 038)° * 038 x 0146 ~° 
ie. wt — 94.46? + 1568.13 = 0. 


Solving this for «w? gives 


46 + ee = 6272.53 _ 4723 + 25.74, 


2 


o 


Hence 
o?=2149 ie 
wy = 72,97 ice, 


, = 4,64 (rads~') 
Wy ~ 8.54 (rads~!), 


3. If the initial displacements from the equilibrium 
configuration are in the same ratio as one of the normal 
mode displacement ratios the system will have normal mode 
motion, as required. So there are two possible answers — 
‘one for each normal mode. 


The displacement ratios can be calculated from either of the 
equations which make up the matrix equation (3), The 
bottom equation is 


which on substituting the values of ky, kg, m4 and my from 
Exercise 2 becomes 


ie. —39,73x4 + (39.73 — w7)xy = 0. 
Hence 
Xp 39.73 


x, 39.23B-oF 

This can take two possible values, one corresponding to each 
value of w*. From Exercise 2 we have w,? = 21.49 and 

« * = 72.97 so for the lower normal mode angular frequency 
the required ratio for the displacements is 


Xe 39.73 


and for the higher normal mode frequency it is 


Xp 39.73 ne 
9.73 — 72.97 


A positive value indicates in-phase free motion of the 
particles, a negative value phase-opposed free motion. This 
tallies with the observation of the behaviour of the studio 
demonstration system. 


Xa 


4. Following the procedure described in Subsection 4.2 of 
Unit 22 we look for a solution of the form 


[ss] -"(c:k") 


which leads to the simultaneous linear equations 
—m Way + (ka + kw)ag — kody = — ka Yi (S2) 
—mpHag + kay — kway =0, (S3) 


33 


From (S3) we have 


kp 

bil le = a) 64) 

Substituting in (S2) we have 
kg? ; 

[-mo* + (kat ke) —F tala = —kaYi, 

(ka + ky — mgQ?\iky — myQ) — ke?) _ 
or ( (erry a4 = —k,Yi, 
eee —k4Yilky — mpQ?) 

ON lea + hig = MQ Vk = yD) — Kea?” 
Hence 
(kp — myQ?)k4¥sin Qt 
Xa 


~ (ka + ky — mQVkp — mp) — ky? 
and so, from Equation (S4) it follows that 


kk, Ysin Qt 
——______-___,__, 
(ka + ky — m4Q?Wky — myQ?) — ky? 


These results tally with the observation that both particles 
move with simple harmonic motion of angular frequency Q. 


Solutions to the exercises in Section 4 


1, Putting @? = @,? = Ls + By into the top line of the 
8 
Yo 


matrix equation (1), we have 


so 


ie, 


: Ba 
and so the required displacement ratio is — Se 
A 


2. The equations of motion are as follows. 


20(x» — xa) = 5x4 (particle A) 
—20(xp — X4) + 10(x¢ — 6X, (particle B) 
—10(x¢ — Xn) =4%¢ (particle C) 
3. The eigenvector equation is 
ay ey eee 
ie 10 | | xa Xa 
6 6 | | xp | = —w?| xp 
10 10 | | x Xe 
Ee ar 
or alternatively, 
(—44 0?) 4 0 x4 0 
333. (-S +.) 1.67 Salil Ol 
0 25 (-25 + @)] [| xc 0. 


The characteristic equation of the model is obtained, as 
usual, by evaluating the determinant of the matrix on the 
left hand side and equating the result to zero. That is 


(—4 + w*)((—5 + w?)(—2.5 + w) — (1.67 x 2.5)) 
—4 x 333 x (-25+@7)=0 
so (—4 + w*)(12.5 — 7,50? + w* — 4.17) 
~ 13.33 x (-25+@%)=0 
or — (w® — 11. Sm* + 38.330 — 33.33) 
— (=33.33 + 13.3302) = 0 
ie.  w® — 11.5w* + 25a? = 0, 


This is the characteristic equation of the model. 


4. First, we need to find the eigenveetors corresponding to 
each of the normal mode angular frequencies, We can do this 
by substituting each of the normal mode angular frequencies 
into the first and last of the three equations which constitute 
the matrix equation (2), 


First normal mode; w,? = 0.50, 
From the first equation 
~ 6x4 + 4xg = — 0.50%, 


ie. xp =5.50x, 
Pap CU cts 
Xa 4 


From the third equation 
2.5x— — 2.5x¢ = -0.50X¢ 
je. 2.5x~— = 2.00x; 


Xe _ 25 
so xs 7 200 1.25, 


Thus, putting x, = 1 we have x» = 1.38 and 
X¢ = 1.25 x 1,38 = 1.72, and so, the lowest normal mode 
eigenvector is [1 1.38 1.72)". 


Second normal mode: «3? = 3.55. 
From the first equation 

— 6x4 + 4Xy = —3,55x4, 
ie. 4x_ = 2.45x,, 


for PRS ogn 
a 4 


From the third equation 
2.5xg — 2.5x¢ = —3.55x¢ 
ie, 2,5x— = —L.05x¢ 


80 


Thus, putting x, = 1, we have xg = 0.61 and 
Xe = —2.39 x 0.61 = —1.47, and so the second normal mode 
eigenvector is [1 0.61 —1.47]". 


Third normal mode; w;* = 9.46. 
From the first equation 
—6x4 + 4x_ = —9.45x,, 


ie. 4xp= —3.46x,, 
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From the third equation 
25x_ — 2.5x¢ = —9.45x¢, 
ie, 25x = —6.96x¢, 


= —0.36, 


Thus, putting x4 we have x, = —0.86 and 
Xe = (—0.36) x (—0.86) = 0.31, and so the highest normal 
mode eigenvector is [1 —0.86 0.31]?. 


We can now write the general expression for the free motion 
of the three particles in terms of the eigenvectors and the 
normal mode angular frequencies by substituting into 
Equation (4): 


5) 1 
xy] =A, | 1.38 | sin(O.710 + 64) 
x 1,72 
1 
+Az | 0.61} sin(1.88r + ¢2) 
-1.47 


1 
+ Ay |—0.86] sin(3,08 + 3). 
0.31 


Appendix 2: Solutions to the 
problems 


Solutions to the end of unit problems 


1, The given equations of motion are 


T yy 
[Xa TRA = Xa) = mea 


T: i ¢g 
7 MA — xa) — Xam mee 


where m = my = mg = 0.05 and | = 0.2. 


For normal mode motion ¥, = —m?x, and %, = —«*x, so 
that 
Pele carl 
ml ml |[xa]_fo 
ay ee A eel (8 (St) 
ey L 
ml mi 
The characteristic equation for the model is therefore 
Tee T 
25-o  - . 
y ee | 
Tmt emi 


ig 
We can simplify this equation by putting p = =) to obtain 


(24 — @?)(2u — w?) — p? =0, 
ie, 4u? — 4uca? + w* — p? = 0, 
or = @* — 4? + 342 = 0, 
0. 


so (w? — 3y)(w? — p) = 
Hence, for the norma! mode angular frequencies we have 


T 
ml 
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Se ee 2 


(a) Substituting m = 0,05 and / = 0.2 and putting @, = 300 
we obtain 


ee ? 
0.05 x 0.2 S00): 


ie. T= (300)? x 0.05 x 0.2 = 900, 
so the required tension is 900 newtons. 
(b) We know that m, = ,/3«, so in this case 
@, = \/3 x 300 ~ 519.62, 


so the larger normal mode angular frequency is about 
519.62 rads". 


(c) To find the two normal mode displacement ratios we 
substitute each of the two values of normal mode angular 
frequency in one of the two linear equations which make up 
the matrix equation (S1). Using the top equation and 


starting with @,? = z we have 


a 2 i 
5 - Z)au-Zee=0 
ie. 2G —Xa)=0. 

ml 


Hence x» = x4, so the first normal mode displacement ratio 
R, = 1, or in eigenvector form [1 R,]" = [1 1)". 

This means that the particles will move in phase with equal 
amplitudes, 


Next, putting @:? = a into the same equation we obtain 
Te 3t; T 0 
ml mi)“ ~ ml*® 

5 T 

ie. ~aieA +X,)=0. 


Hence x» = —x,, So the second normal mode displacement 
ratio R; = —1, or in eigenvector form [1 R,]" = [1 —1]". 
So the particles again move with equal amplitudes but they 
will be phase-opposed. 


When the particles are furthest from their equilibrium 
positions their positions are as sketched below. 


U 


Y 


We have just seen that 
@, =300 and 
with corresponding eigenvectors 


[eJ-[] = [el-[] 
so from Equation (11) of Section 2 the general solution is 
X4 = C, cos 300t + D, sin 300t 
+ Cz cos 519.621 + D3 sin 519.62t 
Xp» = C; cos 3001 + D, sin 300t 
— Cz cos 519.62 — D; sin 519.62¢. 
We shall also need the velocities; 
%4 = 300(—C, sin 300¢ + D, cos 300t) 
+ 519.62(—C, sin $19.62¢ + D, cos 519.62t) 
X_ = 300(—C, sin 300t + D, cos 3001) 
+ 519.62(C, sin 519.62 — D, cos 519.621), 


Substituting in the initial conditions x4(0) = 0, xp(0) = 1 and 
¥4(0) = &9(0) = 0 gives 


C+0,=0 
C,-G:=1 

300D, + 519.62D2 = 0 
300D, — 519.62D, =0 


which can be solved for C,, C2, D, and D,. From the 
second pair of equations we obtain 


D, =D,=0. 
From the first pair we obtain 
1 1 
We Ea 
Substituting these values into (S2) gives the particular 
solution: 
X4 = bcos 300r — }cos 519.621 
Xp = tcos 300t + 4cos 519.621. 
Thus when 1 = 2 the displacements of the particles are 
x4 = 400s 600 — 4cos 1039.24 ~ —0.1 
Xp = 400s 600 + 4cos 1039,24 ~ —0.9 


or even more approximately x4 = 0 (metres) and xy = —1 
(metres). 


@; = 519.62 


(S2) 


C= 


2. We know two of the eigenvalues: 4 = 0 (since this is a 
degenerate model) and 4 = —2. So, by inspection, we can 
write the characteristic equation in the form 


MA + 24? + 44 + 2) =0. 


The other two eigenvalues are therefore obtained by solving 
the quadratic equation 4? + 44 + 2 = 0. We obtain 


fe eG vis=8 = -059 or —3.41. 


So the eigenvalues are; 
4,=0, 4,=—-059, 43=—-2, A4y=—34L 


36 


The normal mode angular frequencies are given by 


That is 


k " 
@ =0, won | + Wy> iat) . Os =18 
m m 


(all in rads~'), 


o= 


To find the displacement ratios, we write down the equations 
of motion, The figure below shows the notation I shall use. 


m m m 


4 Nou J % You 


The equations of motion are 
K(X — X4) = mi4 
—K(xy — X4) + k(Xe — Xp) = my 


K(Xp — Xe) — K(Xe = Xp) = mXe 


=K(xp — xe) = mp. 
Substituting &4 = —w7x4, ¥_ = —w*Xp. wx, and 
Xp = —w?xp we obtain the normal mode eigenvector 
equations 
me? 
(xp ~ Xa) Matern XA 


—(Xp — X4) + Xe — Xa) = —— 


mo’ 
(Xp — Xe) — (Xe — Xq) = — Xe 
k 
( ) mo? 
=(xp — X¢ = ———Xp. 
k 


Substituting the highest value of « into these equations we 
have: 


from the first equation 
Xp X= —34lxy. 

$0 xp= —2.41x43 

from the second equation 


1 
- +34) + xe —Xp= —341xn, 


ie, —1dixg — xp + xe = —3.41xp, 
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sO. X= —Xp, 
=24lx,; 
from the fourth equation 
—Xxp +Xc = —3.41xp, 
ie, xe = —2.41xp, 
80 Xp = —O4l x, 


=(-O41 x 241)x, 


= —X4. 


Hence putting x4 = | we obtain the eigenvector 
{1 —2.41 241 —1]! so the displacement ratios 
corresponding to the highest normal mode angular frequency 
(a ate Rag = —2.41, Rac = 2.41 and Rap = —1. 


3. (i) From the discussion on vibration absorbers in Section 
3 we know that the main mass will remain at rest when the 


forcing angular frequency is where ky is the stiffness of 


the absorber springs and mg is the total absorber mass. 


x 10° 


= 188rads~'. 


When the speed of the shaft is such that the force has this 
angular frequency the main mass will remain stationary. 


Hence the angular frequency = 


(ii) When the main mass is stationary the total force on it 
must be zero, 


‘The gravitational forces on the main mass and on the 
absorber masses are cancelled out by the initial compression 
of the main springs; to put it another way, the gravitational 
forces are accounted for in determining the equilibrium. 
position from which the vibration displacements are 
measured. It follows that when the machine is running, the 
force due to shaft unbalance must be cancelled out by the 
action of the vibration absorber. So the total maximum force 
which the absorber exerts on the main mass must be equal 
and opposite to the force that the unbalanced shaft exerts on 
the main mass. 


Now the amplitude of motion of each absorber mass is 
0.001 m — the maximum deflection of absorber spring from 
the equilibrium position. The stiffness of each absorber 
spring is 2.95 x 10°Nm~', It follows that the maximum 
force on the main mass due to each absorber spring is 


2.95 x 10° x 0,001 = 2.95 x 10°N. 


So the total maximum force on the main mass due to the 
absorber is 


5.9 x 10°N, 


And this must be equal in magnitude (though opposite in 
direction) to the force on the main mass due to the 
unbalance of the shaft, 


